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I. Im!RomcTIm 
! M s  report describes a prototype version of a ccasputing 

program for orbit determination based on an extension of the 

Scfrmidt - IUman lniaimum variance technique for processing tracking 

data, 

The analysis on which the program is based was carried out 

by Samuel Pines and Henry Wolf of Analytical Mechanics Associates, 

Inc. with assistance f 'romR.  K. Squires and D. S. Woolston of the 

Goddard Space Flight Center, USA, and from Mrs. A. Bailie of AMA, 

The digital program for the IBM 7090 or 7094 was written by 

John Mohan of AMA. The program malres use of portions of' a least 

squares orbit determination progrsm written by Miss E. Fisher of 

Goddard Space Flight Center. 

program have been made by J. Behuncik and G. Wyatt of Goddard Space 

Flight Center who have also assisted in checking it out. 

Significant contributions to the 
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m 

a 

D 

'r 
E (x) 

H 

Azimuth and elevation, respectively 

Drag paremeter for  the vehicle; A is effective 

f ron ta l  area in an2, m i s  tk mass in grarms, cD 

I 

I 

is  the drag coefficient 

semi-me, JOT &s 

Declination angle 

Vector dot product, R,*R 
Exgected value of the variable x 

Peturbation acceleration vectors 
I 

IiQnctions used in solving the two-body problems; 
~ 

I 
I see eq, (E) 

Trigonometric functions defined by equations (13) 

and (14) 

The aDgular momentum vector H = R X R with 

l 

0 

components BX, Hy, Hz 

Oblateness coefficients of the earth 

Modified Kalman f i l t e r ,  equation (21) I 

Minitrack direction cosines I 

Matrix Of partial derivakZves ef the observations I 

with respect t o  the instantaneous s t a t e  variables 

Matrix of pa r t i a l  derivatives of the observations 

I 

with respect t o  the orbit pmmeters 

n Mean motion 
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R = Rvc 

ii 

Ri 
e 

Rr, Rr 

R A  

r 

r r 
r TB 
s (t> 

t 

tr 

Covariance matrices of the o rb i t  parameters, the 

state variables, and of the estimated e r rors  

i n  the  observations, respectively 

Posit ion vector of vehicle re la t ive  t o  the dominant body 

Velocity vector re la t ive  t o  the  dominant 

reference body 

Acceleration vector re la t ive  t o  the  dominent 

reference body 

Posit ion vector of t he  ith mass with respect t o  

the reference body 

Vector posit ion of the vehicle fram the  i mass t h  

Initial posit ion and veloci ty  vectors of the  

osculating two-body orb i t  

Position vector of the local. two-body orbi t  used 

i n  the Encke method 

Right ascension 

Scalar value of the vector R 

Scalar value of Rr 

Scalar value of the vector 

Point transformation matrix of the p a r t i a l  derivatives 

of the coordinates with respect t o  the parameters 

Time 

Time of an observation 

Time of r ec t i f i ca t ion  
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t+, t- 

f 

cy 

s 
P 

P 

The instant of time immediately following t 

and preceding t respectively 

Scalar value of the vector fi 
Rectangular Cartesian coordinates of the vector R 

Inertial geocentric coordinates of the tracking 

stat ion 

Topocentric coordinates of' t he  vehicle i n  the local 

horizon, loca l  v e r t i c a l  system with x"' posit ive 

soukh, yt*' posit ive east ,  and z"' posit ive upwasd 

along the l o c a l  ver t ical ,  see equation (40) 

Time derivative of the vector x 

Orbit parameter 

 he ith parameter evduated at time t 

Deviation i n  the orb i t  pa2aEters  

Deviations in  the state varisjbles 

Covariance matrix of the  observsbion instrumelrt 

e r rors  

Incremental eccentric anomaly 

Right ascension of the tracking s t a t ion  meridian 

Product of the universal gravi ta t ional  constant and 

the mass of the  dominant reference body 

Encke perturbation displacement vector 

Mass density of the atmosphere as used i n  equation (8) 

Scalar range distance of the vehicle from a 

tracking s ta t ion as used i n  equation (33)  e t  seq. 



n 

w 
e 

A* 

A- = 
, A X B  

Range ra te  

Transit ion matrix of the  state v e i a b l e s  

Geodetic la t i tude  

Approximating form of the parameter t r ans i t i on  

matrix 

Angular velocity vector of the daninant reference 

body as used i n  equation (8 ) ;  a l so  r igh t  ascension 

of the  ascending node as used i n  discussing 

the osculating elements 

Transition matrix of the var ia t iona l  parameters 

z component of the ear th 's  s i d e r i a l  ro ta t ion  ra te  

A r ig id  ro ta t ion  about the i n i t i a l  velocity vector 

A r i g i d  ro ta t ion  about the i n i t i a l  posit ion vector 

A r i g i d  ro ta t ion  about the i n i t i a l  angular momentum 

vector 

A change i n  the variable, J- R . 6  

1 A change i n ;  

r A change i n  1 - - a 

vial 

Vector Operations 

Transpose of the  matrix A 

lnverse of the matrix A 

Vector cross product of the  vectors A and B 
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III. ANALYTICAL BACKGROUND 

A detailed discussion and derivation of the Schmidt-Kalman minimum 

variance technique as modified and extended f o r  use i n  the present pro- 

gram is  contained i n  reference 1. In  the present document emghasis w i l l  

be placed on the  working equations required t o  .implement the method. 

Some essent ia l  concepts and dis t inct ive features of the method should be 

introduced, however, and are  described br ie f ly  i n  t h i s  section. 

Orbit  prediction program A. 

For the purpose of predicting position as a function of time the pro- 

gram makes use of Encke's form o f  the d i f f e ren t i a l  equations of motion. 

It therefore solves analyt ical ly  the best l oca l  two-body problem and 

numerically integrates the deviation from this two-body reference tra- 
\ 

jectory. When the t rue  t ra jec tory  departs from the reference o rb i t  by 

preset  limits, a rec t i f ica t ion  i s  performed; t h a t  is, the current t rue 

radius and velocity vectors are  used t o  define a new reference path. 

B. Solution of the two-body problem 

I n  the par t icular  solution of the two-body problem used herein prob- 

l e m s  associated with c i rcular  o rb i t s  and orbi t s  of very low inclination 

have been eliminated by expressing the solution i n  terms of i n i t i a l  posi- 

t ion  and velocity vectors ra ther  than vectors based on position of perigee. 

111-1 



C. Orbit Parameters 

The choice of the elements used in  the d i f fe ren t ia l  correction scheme 

i s  of utmost importance in  predicting observations and other orb i t  functions over 

a long t i m e  period. It may be shown (Reference 2) that the best choice fo r  para- 

meters is  that i n  which only one variable affects  the energy o r  the mean motion 

of the orbit. The conventional astronomical elements have th i s  property. 

three of these variables, the argument of perigee, the time of perigee passage, 

and the ascending node become poorly defined f o r  near circular and low inclination 

orbits. The i n i t i a l  position and velocity components do not have t h i s  difficulty.  

However, all six of  these affect  the energy. 

been derived in Ref. 3 .  

clination orbits as well as restr ic t ing the energy parameters t o  a single 

element. 

However, 

A convenient s e t  of parameters have 

These avoid the d i f f i cu l t i e s  for  circular and low in- 

The variational parameters are as follows: . . 
A 3  (t) A r ig id  rotation of R about R such tha t  R-R remains constant. 

AU2 ( t )  

Au, ( t )  

A% ( t )  

. . 
A r ig id  rotation of R about R such that R*R remains constant. 

A r ig id  rotation of R and R about H. 

A change i n  the variable R*R 

. . 
such tha t  the angle between R and 

J P J T  a 

i s  changed leaving the magnitude of R and R and also a unchanged. 

1 A% ( t )  A changing a the reciprocal of the semi-major axis, such that the . 
magnitudes of R and R are changed, leaving the eccentricity unchanged. 

( t )  A change i n  the variable l-:, changing the magnitude of R and a . 
and the angle between them such tha t  a and R*R are not changed. 

These six elements have the characterist ic that they determine the orb i t  

independently of i t s  orientation o r  shape and do not break down. 

the matrix of par t ia l  derivatives of these elements contains only one secular 

term, namely that due t o  the semi-major axis, a. 

Moreover, 

111-2 



D. The ScM7it-K- Technique 

Since the o r b i t  position and velocity are not q i r ec t ly  observable, it 

i s  necessary t o  in fe r  these variables from a sequence of observations which 

are functions of the trajectory. 

re la t ionship is assumed between the deviations i n  the observations and the 

corresponding deviations i n  the o rb i t  variables. 

b i t  posit ion will correspond t o  some predictable e r ror  i n  the observation. 

A large number of observations are made, overdetermining the l i nea r  system 

of equations. 

the o rb i t  e r rors  t o  f i t  the known observation errors. Since the equations 

of motion are essent ia l ly  nonlinear, this regiop of l i n e a r i t y  becomes more 

and more constrictive about the nominal t ra jec tory  the longer the time period 

over which the prediction i s  made. Thus, the l e a s t  square technique often 

produces a result, f i t t i n g  data over a long time arc, which i s  outside the 

l i nea r  range. 

time. 

t h i s  diff icul ty .  

However, a large number of observations i s  always needed in  order t o  pro- 

per ly  evaZuate the e f f ec t  of the random instrument errors. 

In the conventional methods, a l inear  

Thus, an e r ro r  in the or- 

A l e a s t  square technique is used t o  obtain the best value of 

!Phis produces problems in convergence and consumes machine 

Reducing the number of  observations t o  a shorter time arc helps avoid 

The weighted l e a s t  s q w e s  i s  often used i n  this manner. 

The method of l e a s t  squares and weighted l e a s t  s-es both r e l a t e  

the estimate of the i n i t i a l  parameters t o  an en t i r e  sequence of observational 

res iduals  spread over an extended time arc. I n  contrast, the method of mini- 

mum variance r e l a t e s  the present estimate of the s t a t e  variable deviation t o  

the present actual  deviations in the observations. The l i nea r  assumptions 

required for  the updating theory are violated t o  a much l e s s  degree i n  t h e  

method fo r  minimum variance than i n  the method of weighted least squares. 



Closed form analytical  derivatives 

The requirement f o r  u t i l i z ing  closed form analyt ical  derivatives i s  

If the  program were associated with the need f o r  rapid computing times. 

required t o  integrate the variations i n  the observations due t o  changes 

i n  the orb i t  parameters d i r ec t ly  from the d i f f e ren t i a l  equations f o r  these 

variations, the computing time over and above that required fo r  the nominal 

t ra jec tory  woul,d increase by a fac tor  of six (6). Since these variations 

are  only required i n  order t o  obtain small i terakive changes t o  the o rb i t  

parameters, approximate expressions will be useable, provided the residual 

i n  the observations can be accurately computed. 

gous t o  the possible use of an approximate derivative i n  New-kon's method 

f o r  obtaining the roots of a polynomial. 

report  uses a se t  of analyt ical  derivatives based on the  two-body problem 

appoximation of the osculating o rb i t  given i n  terms of the parameters out- 

l ined  earlier.  

made i n  the p a r t i a l  derivatives whenever the o rb i t  i s  rect i f ied.  

This s i tua t ion  i s  analo- 

The program presented i n  t h i s  

In a manner similar rto the Encke method, a readjustment i s  

(As indicated i n  Section V I ,  the program does have the capabi l i ty  of 

obtaining the required p a r t i a l  derivatives numerically by use of the 

secant method; t ha t  is, by integrating the nominal o rb i t  and s i x  

variation o r b i t s  i n  each of which one of the i n i t i a l  conditions has 

been s l igh t ly  altered. ) 
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ORBIT PREDICTION PROGRAM Iv. 
A. Eqyations of Motion 

The equations of motion of a vehicle with negligible mass under the 

action of a dominant c e n t r a  force f i e ld  and perturbed by other smaller 

forces i s  given by: 

These equations may be writ ten i n  the Encke form by replacing the vector 

RVc by the sum of a loca l  two-body orb i t  position vector,%, plus a per- 

turbation displacement, 

The vector s a t i s f i e s  the different ia l  equation, 

The Encke equation of motion for the perturbation displacement, 

given by: 

5, i s  

)+F1 + F g  + F  3 -  

.. 
r 3  TB 

31 

These are the equations tha-i; w i l l  be integrated t o  obtain a precision nom- 

i n a l  trajectory. 

Iv-1 



The perturbations that are included in this program a r e  those due to the 

gravitational attraction of the sun, moon, Venus, Mars, and Jupiter (F1); 

the program also includes the perturbations due to the earth's oblateness 

(F2) and the perturbations due to atmospheric drag (F 3 ). 

B. Computation of perturbation terms 

The equations for the gravitational perturbation acceleration due to 

the sun, moon, and planets are given by! 

5 D 

5 )  

The perturbation accelerations due to the earth's oblateness are given by: 

F2 = bRvc + 

A 
where k is a unit vector in the z-direction and where 

7 )  

2 2 x)J4 22 C ) + -  7 ( - 3 t 7 $ ) ] .  r 
+ 2  r 2 r 

in which r is the magnitude of the vector RVc 

Iv- 2 



The perturbations due t o  atmospheric drag are given by: 

. 
The vector RVc - Q x  RVc i s  the velocity of the vehicle re la t ive  t o  the atmos- 

phere rotating r ig id ly  with the earth. The vector Q i s  the ear th  rotation 

vector and contains only a component i n  the z direction. 

given by the earth's s ide r i a l  rotat ion rate. 

I t s  magnitude is  

c. Computation of the Encke term 

A special  problem arises i n  the computation of the &cke term due t o  

An the lo s s  of accuracy i n  subtracting t h e  nearly equal terms involved. 

expression based on the binomial. expansion removes this difficulty.  

method supplies results more accurate than the straight-forward computation 

This 

f o r  terms of the type of: 

r 3  
0 

r3 

i f  IR - Rol i s  small compared t o  r and is  known more accurately than can be 

computed by taking the difference between R and Ro. 

One can write 

R RO R R R RO + - - -  = - - -  - - -  
r 3  r 3  

ro 0 0 
r 3  
0 

r3 r3 



o r  f inal ly:  

n 6 
n - no AR 

c- = - R 
3 r3 ro3 r0 

where 

o r  f inal ly:  

where 

u s -  2 (Ro + $ m )  AR 
r 2  
0 

"1 = - 
-3 a = q  a5 - 256 ' 6 102 

The six terms are adequate f o r  Iu1 < 0.1. 

forward computation i s  adequate 

For larger values of u 

u s -  2 (Ro + $ m )  AR 
r 2  
0 

-3 a = q  a5 - 256 ' 6 102 

The six terms are adequate f o r  Iu1 < 0.1. 

forward computation i s  adequate 

For larger values of u 

rv-4 

9 )  

st raight  - 



Solution of the Two-Body Problem D. 
The vector posit ion and velocity for a Kepler o rb i t  may be writ ten i n  

terms of the i n i t i a l  position and velocity vectors as given i n  Reference 4. 

The functions f and g can be expressed for  both e l l i p t i c  and hyperbolic or- 

b i t s  by: 

f = -  I.1f + 1  
r 2  r 

1 
g =  - - f , + ( t  n - tr' 

Mf + 1  
c 2  r Qt = - 



f f are defined i n  terms of the incremental ec- 
1’ f2’ 3’ 4 The functions f 

centr ic  anomaly e = E - 
For the e l l i p t i c  case 

For the hy-perbolic case 

f,(e) = cosh 8 - 1 



where 

1/2 
r = (Rr Rr) r 

. 
Rr d = Rr r 



E. Integration and Rectification Control 

The Encke method reduces somewhat the re la t ive  advantages o f  one in te -  

gration scheme over another insofar as numerical accuracy i s  concerned. The 

method i s  capable of using almost any integration scheme t o  obtain a precise 

solution. 

schemes l i e s  i n  the choice of the m a x i m u m  integration interval  t o  minimize 

the t o t a l  computing time required. The Encke method computes the solution 

of the equations of motion as  a sum of the exact function plus the inte-  

grated effect  of the perturbations. Thus the solution may be kept as  precise 

as the exact portion so long as the accumulated e r ror  i n  the integrated por- 

t ion i s  kept from affecting the l e a s t  significant d i g i t  of the exact term. 

By estimating the accumulated round-off e r ror  and the accumulated truncation 

error,  i n  the integrated portion of the solution, and by rectifying the 

solution t o  a new osculating Kepler orbi t ,  whenever the integrated e r ror  

threatens t o  affect  the l e a s t  significant d i g i t  of the exact solution, the 

t o t a l  solution may be kept as precise as  the exact term can be computed. 

The major advantage t o  be gained i n  the choice of  integration 

The particular program outlined i n  t h i s  report  uses a fourth order 

Runge-Kutta integration scheme t o  i n i t i a l i z e  a s ixth order backward d i f fe r -  

ence second sum Cowell integration formula. A constant step s ize  i s  used 

i n  place of a variable integration interval.  A t  pre-set points i n  the  tra- 

jectory the optimum interval  s ize  i s  altered,  based on previous numerical 

experience w i t h  these intervals.  

The rect i f icat ion feature outlined above, based on round-off e r r o r  con- 

t r o l ,  i s  presently not i n  the program. A t  present, rec t i f ica t ion  i s  

triggered whenever the integrated portion of the solution i s  a fixed r a t i o  

of the exact two-body term. 

round-off error. 

In  e f fec t ,  t h i s  controls the accumulation of 
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The rec t i f ica t ion  control fo r  switching reference bodies i s  triggered 

as a function of the re la t ive  scalar  distances t o  the various at t ract ing 

bodies. 

the program. Whenmrthe vehicle enters the sphere of influence of each 

body, the program r e c t i f i e s  the orbit ,  and recomputes the planetary coor- 

dinates so that the distances and velocit ies of the various bodies are 

measured from the new dominant reference body. 

The radius of the sphere of influence of each body i s  pre-set i n  

V. THE MODIFIED SCHMIDT-KALMAN METHOD 

A. The S t a t i s t i c a l  F i l t e r  

A modification of the Schmidt-Kalman equations i n  terms of the new 

o rb i t  parameters selected for  use i n  t h i s  program has been derived i n  

references 1 and 3 and is  available f o r  incorporation i n  the o rb i t  deter- 

mination program. 

The deviations of the orb i t  variables i n  terms of the new parameters 

are given by 

where S( t )  i s  a point transformation matrix. 

The pa ramekr  t ransi t ion matrix N t , t  ) i s  defined by 
0 

The observation errors  i n  terms of  the new parameters are given by 

v-1 



where 

N(t) = M(t) S( t )  . 
The corresponding covariance matrices a re  given by 

E(&, A&) = Q(t)  = a ( 0 )  CPC 

T'he inverse relat ionship between the o rb i t  parameter corrections and 

the observational errors  i s  given by 

The optimum f i l t e r  L(t)  i s  given by 

L(t)  = a* Y - l  

The corrected covariancematrix a f t e r  each observation i s  given by 

Using these equations, it i s  now possible t o  use the Schmidt-Kalman 

scheme f o r  both short  and long term predictions. 
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reference 1 as 

LI- V H  
h2 

0 

0 

Em a 
3 %QisR a n r  2 2  r 

- -  

- 3  r 

2 

P= 
- V R  

0 

0 

HMI 
-2 hv 

2 .  - -  R 
cr 

2 r '  - R  
P 

1 By choOsing 

be i n e p n d e n t  of m e  energy providing t be  inverse of the matrix (h) 
exists. This is guaranteed by defining the transformation matrix S(t) 

such that 

as a parameter, the other five parameters Hll  automatically 

ipc 

W1)S = I 
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The point transformation matrix Slt) is given by 

S =  

- 
H - -  
V 

0 

HXR 
h 
- 

HXR 
h 
- 

2 
a 
r 

2 

h2 
- a n  HxR - -  

0 a *  - R  2 
L ; i  

2 2  r v  
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c. S t a t e  ltransition Matrix 

The method of obtaining the s t a t e  t rans i t ion  matrix is based on a 

generalization of an lbcke wthod applied t o  l i nea r  prediction theory, 

It is  assumed that the equations of motion may be decomposed in to  two 

factors  

where 

g > > h  

It i s  M e r  assumed that E closed form solution of the differen.tial e p -  

t ions  i s  known f o r  the case where h = 0, 

s = g(s , t ) , *  

Furthermore, the s t a t e  t rans i t ion  matrix f o r  the approximating solution i s  

known i n  closed form 



The perturbation equations of motion may now be written in the generalized 

Encke form 

In order to guarantee that the deviation, 

too large, the process of rectification is introduced. 

determined value of p is exceeded, the integration is terminated at time 

tr. 
to zero. 

solution. 

p, is never permitted to grow 

Whenever a pre- 

A new set of initial conditions are introduced, setting p(t ) equal r 
Integration proceeds again about this new nominal approximate 

Since the deviation between x and s is never permitted to exceed 

the given value, the partial derivatives of the state variables from their 

nominal value may also be limited. 

imate state transition matrix 

Thus it is possible to write an approx- 

r '  for t 5 t 

Moreover, the approximate state transition matrix is known in closed form. 

It may be necessary to perform a rectification during the period between 

observations. 

the state transition matrix at time 

This may be accomplished by multiplying the approximate state transition matrix 

for times within each rectification interval by its value at the last 

rectification : 

Following each such rectification, it is necessary to relate 

t to the time of the previous observation. 

\I(t,t ) = $(t,tr) Jl(t ,t 1 
0 r o  
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If rect i f icat ion i s  performed i n  conjunction with a correction t o  the orb i t  

through the minimum vasiance process, the matrix #(tr,t ) i s  made the uni t  

matrix. 
0 

D. The Parameter Transition Matrix 
To obtain the transit ion matrix of the variational parameters, we note 

that 

In matrix form, this becomes 

* (t, t ) = s-l ( t )*  ( t ,  t ) S ( t  ) . 
0 0 0 

In t h i s  manner, a form of the transit ion matrix may be obtained which does 

not violate the condition of energy dependence. 

the variational parameters i s  now given i n  closed form and only one element 

affects  the energy. 

The matrix, R ( t ,  t ) of 
0 
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,ammeter transition matrix, d t, tr) is given below: 

r 

V - Q- 

r 
Q -  
trr  

0 

0 

0 

0 

0 0 0 

0 0 0 

Qt 

ZL&L (t - tr) 
r3v2 

36 a 
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!Lbe terms 1 9 and % are given by 

-n 2 
J. r 
r 

+" 7 

2 r v  r r  

dr> 1 
To obtain the parameter transition matrix over a time interval greater than 

one rectification interval, the following equation applies: 
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E. P a r t i a l  Derivatives of the Observablgs 

The program w i l l  accept the following types of observational data, 

singly or  i n  combination: 

1. Range 

2. Range r a t e  

3. Right ascension 

4. Azimuth and elevation and Minitrack observations 

In order t o  generate the d i f f e ren t i a l  corrections, it is  necessary t o  

compute residuals which consist of the difference between computed values 

of the observables and the observation data. 

t o  compute p a r t i a l  derivatives of the observables w i t h  respect t o  the o rb i t  

parame-bers. 

expressed direct ly  in  terms of the geocentric s t a t e  variables and the required 

p a r t i a l  derivatives may be obtained as follows: 

me: 

I n  addition, it i s  necessary 

The range, range rate, r igh t  sscension and declination can be 

"he computed value of the range i s  given by 

and the matrix of p a r t i a l  derivatives f o r  the range i s  given by 

Range Rate: The computed range r a t e  i s  given by 
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The matrix of partial derivatives of the range rate with reepect to tbe 

state variables i s  given by 

e e 

; e a - z  x - x  y - y s  z - z  - -  P 2 ? 7  
S 8 

9 -  
P P P P 

Right Ascension and Declination: 

and the declination may be written as 

The expressions for the right ascension 

Y - Ys 
tanRA=- 

x - x  
8 

The matrix of partial derivatives for D is given by 

V-U. 



Azimuth and elevation and the Minitrack observations a r e  most conven- 

iently expressed in a topocentric, local horizon coordinate system and, to 

treat them, it is useful to introduce the following relation between the 

topocentric and. geocentric coordinates: 

l x-xs sin9 coset sincp sine' - coscp 

- sing' cos@' 

S 
coscp aose' cosq sine' sincp J z - z 

L 

This relation is used in developing the required partial derivatives for 

these angular observations. 

Azimuth and Elevations: The expressions f o r  azimuth and elevation are 

A = tan'' 

and 

v-12 



The corresponding matriaes of partial derivatives are 

For A 

x"' coset - y"' sine' sinq, y"' COST, O$ 0, 03 
and for E 

Minitrack Observations: "he Minitrack system direction cosines are ex- 

pressed in terms of the topocentric coordiaates as 

m =  2 
P 
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The corresponding matrices of p a r t i a l  derivatives axe 

f o r  1 

f o r  m 

y''l(y - Y,) 
, coset - > 

xS) 
y v x  - 1 M(t) = - [- sine' - . - '  

P P2 P2 

and for n 

Z " ' ( 3 p  - xs) z Y y  - Ys) 
M ( t )  9 bosrp coset - - , cosq sine'  - 3 

P P2 P2 
47) 

9 0, 0, 0 1  
z" ' (z - "6) 

P2 
sinq - 

The present program does not include onboard observations. It i s  recom- 

mended that i n  the extension for  developnent of th i s  program, th i s  capabili ty 

be added t o  the program. 



A. 

PROGRAM DESCRIPTION 

The program has two independent operational modes. The first o r  

reference mode concerns the generation of a reference t ra jectory and the 

simulation of radar observations associated with it. The second or deter- 

mination mode determines a t ra jectory based upon observational data by the 

m i n i m  variance f i l t e r .  Since both modes involve the solution of the 

equations of motion by the modified Encke method, an explanation of t h i s  

part of the program w i l l  precede a description of the two modes. 

The equations of motion, as defined by equation 1, are given w i t h  

respect t o  a reference body, the dominant central  force f ie ld .  

gram assumes that t h i s  reference body is  always the Earth. 

can integrate the Encke perturbation term fo r  up t o  s i x  orb i t s  t ha t  have 

a common two-body solution. Although th i s  i s  not done i n  the program, it 

can be included by defining separate i n i t i a l  conditions of the perturba- 

t ion displacements fo r  the six orbi ts .  "his feature allows for  defining 

numerical approximations t o  analytical  variation derivatives. The in te r -  

nal  units tha t  are used for  a l l  computations are ear th  r ad i i  and ear th  

r ad i i  per hour. 

Reference Wde 

The pro- 

The program 

- 
The purpose of t h i s  mode is  t o  supply the s t a t e  vectors and observa- 

t ion  data tha t  i s  used i n  the prediction mode. 

output i n  the appropriate format on tape. 

generate an ephemeris of the reference o rb i t  on tape. 

approach was t o  by-pass a l l  computations tha t  are not pertinent t o  t h i s  

mode. When the f i n a l  time i s  reached, the program returns fo r  the next 

case. 

The observation data i s  

A n  option i s  available t o  

The programming 
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Determination Mode 

The minim variance filter is used to determine the trajectory that 

corresponds to a set of observation data. 

ditions are input. The program continues integrating the equations of 

motion until the time of an observation. Based upon the current obser- 

vations, the state variables are re-estimated. The program continues in 

this way, processing each observation as it occurs in time, until all the 

observations have been processed. It should be noted that the program is 

not presently capable of processing observation data at the initial time. 

When the data is exhausted, the reference mode is entered and the program 

continues in this mode until the final time is reached. 

a summary of the determination of the trajectory is given and the program 

then returns f o r  the next case. 

An estimate of the initial con- 

When this occurs, 
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OPERATING PROCEDURES VI1 . 
The program is  loaded as a standard Monitor job on physical 

tape A-2  with the input following the program deck. Both the reference 

mode and the determin.ati0nmode require the planetary tables tape on 

A-5, For the reference mode, the observations are output as binary 

information on L.T. 16. An option i s  available t o  generate an ephemeris 

of the reference t ra jectory on L.T. 18. When i n  the determination mode, 

observations may be supplied e i ther  on cards o r  on L.T. 16. 

are available t o  obtain a summary of the residuals i n  the observations 

and i n  the state variables. For the residuals i n  the observations 

a scratch tape i s  needed on L.T. 17. In order t o  obtain residuals 

i n  the  state variables, the reference ephemeris is placed on L.T. 19 

and a scratch tape on LOT. 18. 

Options 

"here is a program pause after the input has been read i n  for 

each case. Its purpose i s  t o  insure that the tapes have been mounted 

properly and also t o  give more f l ex ib i l i t y  t o  the  user. This pause 

makes it possible t o  switch tapes from case t o  case. The pause 

condition is terminated by pressing the start key. 

I .  
I 
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A. Treatment of the Planetary Coordinates 

A tap of solar  lunar  and planetary coordinates based on Naval 

Observatory data is  employed. It i s  in the form of overlapping two-year 

f i l e s ,  i.e., 1963-64, 1964-65, etc., with the coordinates of the various 

bodies referred to the mean equinox and equator of the middle of the two 

year f i l e .  The subroutine EPHEM searches the tape and reads in the proper 

I f i l e  and record, keeping 30 days of tables  i n  core storage at  a time. 
\ 

The first record on each f i l e  consists of the year i n  fixed decimal. 

Each of the following records contain the following information: 

Word 1: Initial tjme of record i n  hours from base t i m e .  

Then 12 consecutive 15 word blocks containing the equatorial  coordinates of: 

XSE YSE 
XJS YJS 
XAS YAS 
XVS YVS 

ZSE Sun w r t  E a r t h  
ZJS Jupi te r  wrt Sun 
ZAS Mart wrt sun 
zvs Venus wrt Sun 

Then three-30 word blocks containing: 

X M E  YME ZME Moon w r t  E a r t h  

The Moon coordinates are stored in m f - k y  i n t e r v d s  C O . O ~ ,  18.0 UT) 

uni t  of distance is the radius of the  Ear th .  

da i ly  intervals (oh. UT) the uni t  of distance being the AU. 

A l l  other tab les  are  in  

At present, an ephemeris tape i s  available f o r  1961-1970, written i n  

nine, two-year files. The f i l e s  overlap one year. 

The astronomical tab les  are stored i n  core i n  24 hour intervals  

for  the Sun and the planets and 12  hour in te rva ls  f o r  the Moon. There 

are  always 30 days of tables  available arranged in such a way tha t  the 

value of time for  which the interpolation takes place is  not near e i the r  

end of the table. 

the tables,  all referred t o  the E a r t h  as origin, i s  as follows: 

In E a r t h  reference, the sequence of coordinates i n  
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In location "Table" there is  the time of the first entry from 

the initial time. 

coordinates of the sun, 
In %ble + 1" to "Table + 30" there are 30 x 

In %ble + 31" to "!kble + 60", the y coordinates of the Sun. 

In ?Cable + 61" to '!Cable + gO", z coordinates of the Sun. 

In '!Cable + 91" to '!Cable + 180", the x, y and z coordinates 

of Jupiter. 

In %ble + 18l" to ?Cable + no", the x, y, z coordinates of Mers. 

In ?able + 27l" to '"Table + $Oft, the x, y, z coordinates of Venus, 

In ' a b l e  + 361" to ?Cable + 420", the x coordinates of the Moon. 

In '!Cable + 42l" to %!able + 4&", the y coordinates of the Moon 

end in "Iable + 481" to '!Cable + 5 b U ,  z coordinates of the Moon. 



The data is entered in eleven sections. Each section i s  preceded by 

a heading card Kith the section number entered i n  cols. 1-5 as an integer. 

Each piece of input w i l l  be defined as one of t he  four categories, integer, 

f ixed point, f loat ing point or alphanumeric, by the notation, I, FX, 3% or 

A. 

of the section i n  the appropriate columns. 

f o r  the quantity internal ly  i n  the program. 

The quantity i n  the description column is  entered on the specified card 

The name given is  the  n & ~ ?  used 

Sect. Card Cols. - Name % Y E  Description --- 
1 1 2-72 m m  A T i t l e  

2 1 1-12 TIN FL Initial time, hr. 

13-24 TMAX n Final  time, hr. 

25-36 mm FL Integrating in te rva l  for near- 

37-48 IYrFE FL Integrating i n t e n r d  for far- 

ear th  portion of trajectory, hr. 

ear th  portion of t ra jectory,  hr. 

49-60 PRNTNE FL Print  in te rva l  f o r  near-earth,hr. 

61- 72 l?RNTn3 FL Print  i n t e rva l  f o r  far-e&h,hr. 

2 1-6 NYEARP I Year of t ra jec tory  

7-12 DAYS Fx Dw of Yew 

13-18 BR Fx Hr. of da&r 

19-24 ” Fx Min. of hr. 

25-30 SEC Fx Sec. of min. 

3 1-12 HMU FL Value of earth’s gaavitational 
const ant, E .R . 3/hr .2 
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N&UE - Sect. Card Cols. - -- 
19-24 BMU 

2YE 

Fx 

Description 

6 values - represent planets - 
i f  planet i s  not used, insert 0 
f o r  t h a t  planet, i f  used in se r t  1. 

1 1- 5 

6-10 

W F  

KLM 

I 

I 

u-15 NUMSTA I 

l6-20 I(I1ATA I 

21-25 KPRTR I 

26-30 I!i!CAG I 

31-35 IClBS I 

1. Earth 

2. Sun 
3. Moon 

4. Venus 

5. Mars 
6. Jupi ter  

Reference body (1-6) 

Indicator for  dimension of input - 
R and fi vectors m a y  be input 
i n  2 types of dimensions: 

1. Earth radii, ER/hr. KLM = 0 

2. km, km/sec. K L M = 1  

No. of s ta t ions input 

Number of time points at which 
you have observation data; i f  
the observation data i s  input on 
cards, it i s  not necessary t o  
have the exact count. 

Set t o  non-zero t o  generate a 
time his tory of the t ra jec tory  
on L. T. # 18. 

Print  control f o r  complete 
KW calculation. (See output 
section f o r  i t s  use) 

Indicator t o  compute observations . 
0 = No observation 

1 = Observation 

2 = Observation and summazy 
(uses tape # 17) 
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46-50 KOND I 

51-55 rr?rPD I 

56-6 0 

4 1 1-12 

13-24 

25-36 

37-48 

49-60 

61-72 

5 1 1-12 

13-24 

I?rE33 

CONJR 

CONAR 

c o r n  

CDRAG 

DCDRAG 

AMASS 

v-NAIm 

RKm 

I 

n 

n 

n 

n 
n 

n 
A 

n 

Description 

BCD tape rmniber fo r  observation 
data. 

Binary tape number f o r  observation 
data. 

1. Computing observation of 
reference orbi t  = 16 

2. U s e  K W  scheme 
data on tape = 16 
data on cards = 0 

Print control f o r  artditional 
t ra jec tory  information. (See 
output section f o r  its use> 

Indicator for  K a l m a n  sc-. 

RtPl?D = 2, process data a l l  
together at a time 
point. 

I”PD = 1, process each piece 
of data separately 
and pick bes t  at 
each time point. 

Nuniber of matrices 

Ist harmonic Coefficient of the 
earth’s potential. 

2nd harmonic coefficierrt o f t h e  
ear th  s potential. 

3rd harmonic coefficient of the 
earth’s potential .  

Drag coefficient 

CDRAG incremrrt f o r  var ia t ion 
trajectory.  

Area/mass, an2/@ 

Name of vehicle 

~ i n i m u m  perigee distance (E.R. ) 



25-36 TADD FL 

37- 48 CLUE FJL 

49-58 Tpm I 

6 1 1-I2 PSI60 FL 

13-24 PDCVP FL 

25-36 PSIDOT FL 

37-48 ERAD n 
49-60 EPSSQ n 
61-72 A U E W  FL 

7 1 1-36 RC IN FL 

37-72 RDCm FL 

a 1 1-2 
per 
sta. 3-14 

15-26 

27-29 

30-35 

36-47 

48-50 

51-56 

57-68 

K 

STANM 

SLON 

SLONM 

SLOE 

SILD 

S W M  

SLATS 

SALT 

I 

A 

Fx 

Fx 

Fx 

Fx 

Fx 

m 
Fx 

Description 

A large number should be used t o  
generate Gaussian noise on a 
clean data tape. Otherwise use 
zero . 
Jnhibitor f o r  K a l m a n  scheme 

Type of observation 

Greenwich hour angle of l$O, rad. 

D a i l y  r a t e  of ear th 's  rotation, 
rad./day 

Hourly r a t e  of earth 's  rotation, 
rad./hr. 

Equatorial radius of earth, km. 

E l l i p t i c i t y  of ear th  

AstronGmical u n i t  

x, y, z (dimension determined 
by KLM) 

-) 

. . .  
x, y, z (dimension determined by 

Stat ion number 

Stat ion name 

Longitude, deg. 

Longitude, mine 

Longitude , se c . 
Geodetic la t i tude,  deg. 

Geodetic la t i tude ,  min. 

Geodetic la t i tude,  sec, 

Geodatic aLtitude, f t .  
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Name - Sect, C a r d  Cols, - -- 
9 1-6 1-72 PMAT 

10 1 =per TlMEB 
V a l l l e  

ll 0 

A. Observation Data 

- Type 

n 

n 

n 

De s c r i p t  ion 

(6 x 6 matrix) initial estimate of 
the  covariance matrix, Each 
card has one row of matrix, 

Array  of tims associated with 
various T2 matrices, Time 
is  time from epoch i n  hrs, 

matrix - 4 x 4 er ror  variance 
matrix,  as many matrices as 
times; each card a row of matrix, 
Angles i n  seconds, range i n  
meters, and range rate i n  cm/sec. 

The section card is used t o  end 
the input data for each m, 

The observation data may be supplied e i ther  on cards o r  on tape, If the data 

is input on cards, a tape is  generated with the appropriate format which may 

be used for subsequent runs, The formats f o r  the tape and cards are described 

below, It should be noted tha t  the order of  the observations cannot be 

violated, i, e., 

1) Azimuth 

2 )  Elevation 

3 )  Range 

4) Range rate 

5 )  Right Ascension 

6 )  Declination 
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The program is  limited t o  t e n  types of observations. 

B. CardFormat 

Since the format of observation cards vary with the source, the format i$.s&lf 

is input on the  f irst  card. This i s  writ ten exactly as a FORTRAN format 

statement except t ha t  the statement number and the word "Format" are  eliminated, 

The program only requires t h a t  the information be ordered as follows: 

1) 

2) 

3)  

Station number (as assigned i n  Section 8 of the input). 

Time i n  days, hrs., mins., and seconds of the year. 

Observations; blanks are used f o r  missing observations. 

angles i n  degrees 

range inkm. 

range ra te  i n  b./sec, 

4) r y~e ;  see -ffoLlowing. 

Tape Format C. 

A binary tape i s  supplied with the following information i n  each record. 

1) 

2)  

3)  m; see following. 

4) 

Time from epoch i n  hrs., mins., and seconds. 

Station number (as assigned i n  Section 8 of the input) 

Observations; blanks are not used f o r  missing observations. - 
angles i n  radians 

range i n  E. R. 

range ra te  i n  E. R./hr. 
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The observation type is specified by a sequence of t e n  values, Each value 

is associated with one of the ten  tws of observations i n  the reverse order 

of that given previously, A zero ~ 8 9 6  the observation is  used and a 

one that it is used, Illhe type may also be input i n  Section 5 of the input 

data, Its use here is  t o  define the  type t o  be generated when i n  the 

reference orb i t  mode. 

used t o  over-ride the t m  designation on the cards o r  tape, 

When i n  the prediction mode, a non-zero value is 



m NOISE GENERATIOM 

Since observation data q,ity may vary not only from station to 

station but also at a station, it is desirable to provide for such 

variations in function of time. 

(K 10 x 10 matrices] where K associates the appropriate 10 x 10 matrix 

with a time in the following way: the minimum K such that the current 

time is less than TIMEB(K) is chosen. 

represents the observation error variance matrix at that time. The 

diagonal tern are the error variances of azimuth, elevation, range, 

range rate, right ascension, declination and the rest are open. 

diagonal terms are the covarhnces. This matrix I s  then stored in EBAR 

(I, J) in a packed manner. 

are currently not of interest are deleted. 

under consideration is one of range and range rate, EBAR is a 2 x 2 

matrix; the first term on the diagonal is the variance of range, the 

second, the variance of range rate and the off-diagonal terms are their 

covariances . 

Consider the  input array TEWR (10, 10, IC) 

This particular 10 x 10 matrix 

The off- 

The terms involving observation types that 

For example, if the observation 

When the observation data quality, EEAR, first changes it is 

multiplied by the input value CLUE, where CLUE is a large number. 

method is useful in inhibiting the correction resulting f r o m  the minimum 

variance filter until more knowledge of the data quslity is acquired. A 

gradual reduction of EBAR firm observation to observation is performed as 

the information increases. 

the current TEBAR. 

The 

EBAR is not allowed to go below the lower limit, 

If the observations are error free, normally distributed randan 

noise can be applied to the observations by inputing a nan-zero value for 
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TADD. 

deviation is defined as the square root of the corresponding diagonal 

term of the  current TEBAR. 

of the method used t o  generate the noise. 

The mean of the d is t r ibu t ion  will be zero and i t s  standard 

The subroutine A" gives a description 

i 
~ ~~ 
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X. OUTPUT 

The output i s  divided into three separate par ts ,  each par t  

being controlled by an input quantity that defines when that par t  

should be output. The quantities, themselves, are all defined by 

name on the output b u t t h e i r  dimensions are not. 

tioned below i n  the description of the three sections and how they 

are controlled by the associated input quantities. Obviously, i f  

the program i s  operating i n  the reference mode the quantit ies t ha t  

are not per t inent  are  deleted. 

This w i l l  be men- 

1. This section is  controlledby the p r i n t  intervals  for  near 

and far earth, PR"E andPRWTFE. These values determine 

the frequency with which th i s  section i s  output. If  the 

program i s  operating i n  the determination mode, this section 

w i l l  automatically be output at  every observation time point. 

The quantit ies output are: 

whose dimensions are determined by the input quantity KLM), 

and the @ correction vector t o  the s t a t e  variables i n  E.R. 

and E.R./hr. 

The frequency of t h i s  output i s  controlled by KOND i n  the 

following way: 

If KOND = -1 , t h i s  section i s  output every time section 1 

i s  output. If KOND = 0, t h i s  section i s  never output. If 

KOND = N, then t h i s  section i s  output approximately every N 

minutes. The quantities output i n  th i s  section are: the 

The time, RC and RDC (vectors 

2. 

x-1 



astronomical elements; observation information such as the station 

name, measured and computed values of the observables (angles in 

degrees, range in km, and range rate in km/sec); M matrix; e 
(angles in radians,range in earth radii, and range rate in earth 

matrix; 

radii per hour) 

3. The frequency of this output is controlled by IFLAG in the 

same way that section 2 was controlled by KOND. The output in this 

section consists of the matrices involved in the minimum variance 

filter. They are output in the dimensions used internally in 

the machine. The matrices are S, Q(t 

N, Q,N, Y, Y'l, L, LNQ, and Q'. 

), O(t,tr), n(t,to), Q(ti), i-1 



This is only a p a r t i a l  dictionary of the FOFITFW? mnemonics and not i n  aqy 
sense intended t o  be complete, 
or of par t icu lar  interest are l i s t e d  with the exception of the quantit ies 
t h a t  are input. The input quantit ies are described i n  the input section. 

The Z" terms t h a t  are frequently used 

A 

AABS 

a, semi-major axis  

l a 1  

&.luMDA parameter t rans i t ion  matrix, n, of the alphas 

AmAT L matrix operator 

AMMAT M matrix, p a r t i a l  derivatives of the observations 

BMU 

CA 

CB 

cc 
m 

(=E 

CF 

indicators f o r  the perturbing bodies 

r Jrn 
JP t a l  

JLT-T;;Ti- 

- 

Ro io / . 

conversion from E,R, t o  km 

CKSERH conversion from E.R,/HR. t o  km/sec 

inhibi tor  for m i n i m u m  variance 

dimensioned block f o r  integration routine containing 

functions, first and second derivatives 

number of full days f r o m  launch t o  observation t- 

A Q 's correction obtained from M, V, f i l ter  
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IEIX 

IELY 

DFHHO 

DTI 

EN 

EBAR 

FA 

FB 

M= 

FD 

FFTH 

FRHO 

?ZCH 

HMU 

mIND 

KOND 

=A 

KRm 

KSTA 

I3BIN 

MUD 

NOSOL 

NlTMDAT 

A x I s  corresponding t o  A CY 's 

observation values minus the computed values 

l inear izat ion of ap 

actual  integration in te rva l  

n, mean motion 

F matrix 

fl 

f2  

f3 

f4 

density table  

F ( 0  

P 

dimension of CWLIN array 

rec t i f ica t ion  indicator 

number of records on the observational tape 

number of simultaneous observations at amy time 

s t a t ion  number corresponding t o  a par t icu lar  set 

of observations 

log ica l  tape number of observation tape 

e r ro r  indicator 

number of t r a j ec to r i e s  being integrated 
10 

N TYPE (I) 
I=1 
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EiTB 

RM!B 

RVB 

SDlzKI 

S33WT 

SMAT 

STAC 

TBF 

TBG 

TBFD 

perturbations due t o  drag 

perturbations due t o  oblateness 

perturbations due t o  radiation pressure 

P matrix 

Q matrix 

instantaneous posit ion vector 

instantaneous velocity vector 

vectors from ear th  t o  perturbing bodies 

initial conditions on RC 

i n i t i a l  conditions on RDC 

t im of last rec t i f i ca t ion  

value of RC at last r ec t i f i ca t ion  

value of RDC a t  last rec t i f i ca t ion  

distance arguments table corresponding t o  density 

tab le  

R two body 

two body 

vectors from vehicle t o  perturbing bodies 

vectors of perturbations due t o  gravi ta t ion e f fec ts  

s-l matrix 

S matrix 

geocentric s t a t ion  coordinate vector 

f 
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TBGD 

TI 

TH 

!rK 

YCOM 

Yms 

Qt 

time of last r ec t i f i ca t ion  

= E - E o  

time from epoch t o  the time of the observation 

i n  hours 

array of computed observations 

array of observed values 
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I -  

mnr 
DOT 

DWAG 

EOFM 

EP" 

X I I - 1  

normalJy dis t r ibuted random num'ber generation 

cmputes arctangent in degrees 

prepares atmospheric density table 

computes cross product 

used t o  keep the instantaneous, two body and 

perturbation vectors consistent 

computes the perturbation derivatives 

computes dot product 

computes perturbation derivatives due t o  drag 

avoids termination on EOF 

Entry - (Planetary Position Routine) 

LAG: generates positions of the planets 

READ= 

REFSWT: r e - M t i a l i z e s  f o r  a reference switch 

computes fl, f2, f3 and f4 

defines data type 

controls input 

controls en t r ies  t o  integration routine 

computes two-body coordinates 

inverts a matrix 

ccsnputes magnitudes of a vector 

performs minimum vaxiance matrix operations 

initid positioning of planetary tape 



OBLATE 

OBSER 

OSCUL 

PART 

m m  
RAPS 

RCTTST 

RECORD 

RECT 

REDUCE 

RPERG 

RWF 

SWRX 

SUMARY 

VECTOR 

w o m  

computes perturbation derivatives due t o  oblateness 

computes observations 

canputes the osculating elements 

computes n (t, to) 

controls output 

computes perturbation derivatives due t o  radiat ion 

pressure 

tests f o r  a r ec t i f i ca t ion  

reads observation data 

performs a rec t i f ica t ion  

reduces an angle t o  l e s s  than TT 

computes magnitude of perigee vector 

Entry - (Integration routine) 

RECHA: s e t s  up change i n  integration i n t e r v d  

REIN: i n i t i a l i z e s  the integrat ion 

RERJ3G: normal integration errtry 

IERKI: Runge-Kutta integration 

computes S matrix or i t s  inverse 

summarizes r e su l t s  of the run 

computes magnitudes of a vector 

prepares gravi ta t ional  constants 
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Ident i f icat ion 

ANDRIV share Distribution AA-M>RN. A 704 SAP program that was 

Fortranized by John Mohan of AMA. 

Rupose 

To generate a sequence of normally dist r ibuted random numbers. 

Method 

Each entrance in to  ANDRN w i l l  yield one value. Tbe value i s  obtained 

by first generating a psuedo-random number and then al ter ing it t o  sa t i s fy  

cer ta in  criteria that are explained i n  the share write-up. m e r  many 

entrances t o  the routine, a sequence of numbers will have been generated 

that are characterized as normally distributed with the specified mean and 

standard deviation. 

U s a g e  

Calling sequence 

ANS = ANDm (0, p, XI 

(J : standard devitation of the distribution 

: s t a t i s t i c a l  mean of the distribution 

x : any large oc ta l  number. 

program and changed from run t o  run i n  order that unique sequences 

The number should be input t o  the main 

of pseudo-random numbers are generated from run t o  run. 
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Identification 

ATAlqS - Fortran function 

Purpose 

Computes the arctangent of the argument with optional quadrant 

a8 signment . 
Usage 

ANS = mANs (Y, x, K) 
Computes arctangent of Y/X i n  degrees where Y and X have sign of sine and 

cosine respectively. 
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Identification 

A!J!MSFR - Fortran subroutine 

Purpose 

This subroutine sets up an atmoqpheric model to be used when the inclu- 

sion of aerodynamic drag is desired. 

coefficient and tbe area-mass ratio of the vehicle are given as input. 

This is activated when the arag 

!be 

atmospheric tables are stored in core. 

tained in Report #25 (Reference 5 )  of the Smithsonian Astrophysical Observatory, 

fitted to the ARDC Model Atmosphere of 1956 (Reference 6 )  at low altitudes. 

"he units for the air density axe grams/cm3 and the height is given in ER 

They correspond to model #7, con- 

from the center of the earth. 

Uswe 

C m  A!IMSFR is performed in the initialization section of the main 

program. 
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Iden ti f icat ion 

C R B S  - Fortran subroutine 

Purpose 

Compute F = X x Ti 
where X and 3 are doubly subscripted. 

Uswe 

CALL CROSS (A, B, C, J) 

J: is second subscript on A and B. 
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Ident i f icat ion 

WLAR - Fortran subroutine 

Purpose 

This  subroutine has two d i s t inc t  functions: 

1. computes 5 = Rc - S, 
a .  . 

% + c  2. computes Rc G 

Its principle use is  t o  update the instantaneous posit ion and velocity vectors 

after each integration. 

Usage 

CALL CWLAR 

a (-1) in  the l i s t  generates the first sequence of equations. 

a (+1) i n  the l i s t  generates the second sequence of equations. 
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Identification DERIV 

Computes the perturbation derivatives 

Purpose .. 
To compute d l  the contributions t o  5 and combine them, including the 

Encke term, the pertinbations of the sun, moon, and planets, a lso the per- 

turbation due t o  the non-spherical shape of the earth and the atmosphere. 

Method 

See equations 2 through 10. 
See flow chart  following description of t h i s  subroutine. 

Symbols 

CPOS block of reference body positions produced by LAG 

RCB block of reference body positions as used by D E R I V  

RVB block of vehicle positions 

CWLIN block containing 5, 5 and 5 

SDDXI 

. .. 

block of components of ‘j for each of the perturbing bodies and 

the Encke term 
.. 

PEROBL oblateness components t o  5 

PERDRG drag components 

PERRAP radiation pressure (Dummy) 

Note t h a t  X I ,  DXI,  and DDXI do not appear with these names i n  the program. 

They are a part of the CWLIN array as specified by the  integration subroutine. 

They may be obtained as follows: 

DXI  (I, J) + CWLIN (1485 - 6*N@S@L + I + 3J) 

DDXI (I, J) -+ CWLIN (1485 - 9*N@j6L + I + 3J)  
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Arrang-nt of Stor- Block  For Integration Subroutine 

T T 

XI 

DlgI 

DDIgI 

m m  

The subroutine CWLAR (+1) gets the following: 

R c = R T B + x I  

while CWLAR (-1) gets: 

XI = RC - 
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Identification 

D(rr - Fortran function 

Purpose 
This routine computes the dot product of twlo vectors that are doubly 

subscripted. 

Usage 

ANS = DOT (A, B, J) 

where A and B are the t w o  vectors and J is the second subscript of each 

vector. 



Identification DRAG 

Computes drag acceleration. 

Purpose 

To compute the perturbations contributed by atmospheric drag for as 

many as 15 trajectories, for one of which, designated JDRAG, the drag 

coefficient mag be incremented. 

Method 

CALL DRAG 

See equation 8. The density is obtained by linear interpolation of density- 

altitude table. 

Symbols . 
VE R - ~ x R  

F"oA tables of - $ p F " O B  CD versus altitude 

DF"oA divided differences of the tables 
DFRHOB 

POLAT 

PERDAG x, y, z components of drag acceleration 

interpolated value of - - A C multiplied by Ii - 0 x RI 2 p m  D 
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Identification 

EOFM FAP subroutine with two entries. 

Purpose 

This subroutine avoids termination by MEM upon encountering 

an ?3ND OF FILE by adjusting EKEM. 

Useae 

CALL EOFM(IND) 
IF ( IND)  1,2,1 

1 ERROR RETURN;EOF ENCOUNTERED 
2 READ TAPE NO. ,LIST 

CALL MEMR to reset MEM. 



Identification 

EPHEM A  FA^ subroutine with three entries. 

1. READ1 Ephemeris tape read and core set up routine 

2. LAG Interpolation for position and maintenance of 

current planetary positions. 

3. RESULT Reference ephemeris data to specified body. 

Purpose 

To set up in core a table of planetary positions referenced 

to a specifiable body, to read in additional data when necessary, 

to interpolate in the table for position, and to change the refer- 

ence body when desirable. 

Usage 

1. READ1 

Calling sequence (Fortran) 

CALL READ1 

The following common storage must be set 

NYEAR : Year of launch 

TZERO : Time in hours from base time* 

DAYS : Launch time, days 

HRS : Launch time, hours 

M I N  : Launch time, minutes 

SEC : Launch time, seconds 

MREF : Reference body 

*Base time is 0.0 hours U.T. of December 31 of the year previous to 
launch. 



U s a g e  ( continued) 

LAG 

Calling sequence (Fortran) 

- 

Call LAG 

The following c o m n  storage must be set up 

T - Time measured i n  hours from launch 

READl must be called Once t o  set tables  i n  core. LAG w i l l  

keep tables  up t o  date. 

RlPswT 

Calling sequence (Fortran) 

C a l l  REFSWT 

The following common storage must be set up 

MREF - Reference body 

READ1 gives posit ion vectors w i t h  respect t o  the reference 

body indicated by MREF 

m=1 Earth reference 

m = 2  Sun reference 

m = 3  &on reference 

MREF=4 Venus reference 

MREF=5 Mars reference 

To change the reference body change MREF and CALLREFSWT 
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Identification 

FCOMP - compute 6 f'unctions of 8 

Purpose 

To compute fl, f2, f3, f4,  F, and F' f o r  use with the NASA two body 

e quat ions . 
U s  age 

1. Solution of Kepler's equation 

The las t  of equation(l2 ), which i s  a monotonically increasing 

function, i s  solved f o r  0 by Newton's rnethod as fol lows:  

previous value of 8 obtained, better values of 8 are obtained by cmputing 

l e t t i n g  Bo = 

u n t i l  convergence is  attained. 

the  posit ion and velocity i n  the plane of the  reference orbi t  are established. 

From 8 and equation (12) plus equation (ll) 

2. The following se r i e s  expansions f o r  the f l  and f2 (equations (13) 

and (14) )  are used: 

I 

I 

I Hyperbolic 

f2 = cosh 8 - 1 = ((( '.25 82 + l&& t l)...+l~*l 1 



E l l i p t i c  C a s e  

I f l e c I < l  

f l  and f2 axe computed by Equations (Al) 

f3 = e - f l  

f4 = 1 = f2 

I f l e c l > l  

Then f4  is computed by m~r)s of Rand polynomials and 

f2 = 1 - f4 

~ l s o  if  I e - sin e I < I s i n  e I 

(or approximately i f  I I < 1.9 

f l  i s  computed by Eqmtions (All and 

f3 = e - fl  

Otherwise if  I e - s i n  e I > I s in  e I 

(or approximately i f  I e I > 1.9 

f3  i s  computed by means of Rand polynomials and 

fl  = e - f3 
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Hyperbolic Case 

If I e I < 1.9 

fl and f2 axe computed by Equations (Al) 

f3 = e + fl 

f4 = 1 + f2 

If I e I >1. 

0 Compute f = e 
0 

f3 = 3(f, - +J 

f4 = 9 (fo + +J 
(A5 

fl = f3 - e 

f2 = f4  - 1 
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Ident i f ica t ion  

FIX FORTEWN subroutine 

Purpose 

To unpack observation data type designation. 

Usage  

C a l l  FIX (OCT, N, "J3) 

OCT: An oc ta l  number whose b i t s  represent whether an obser- 

vation type i s  available or not. 

not; a one (1) t ha t  it is. 

A zero (0) means it i s  

Proceeding from r ight  t o  l e f t  

the b i t s  represent azimuth, elevation, range, range rate ,  

r igh t  ascension, and declination; the r e s t  are open. 

The program unpacks th i s  number and s tores  each b i t  

i n  the decrement of NTYPE which i s  dimensioned ten (lo) 

NTYPE (1) corresponds to  azimuth 

NmpE ( 2 )  I' elevation 

NTYPE (10) 

II 

I' open I t  

N: Represents the  t o t a l  number of observables available a t  any 

t i m e  point from one s ta t ion.  
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a Fortran subroutine 

Identification 

INPUT 

Purpose 

This routine controls the input t o  the program. The input is  divided 

i n t o  eleven sections. 

which the input has changed need be input. 

the observation data tape i f  the observations are input on cards. 

When running consecutive cases only the section i n  

This routine will a l so  prepare 

Usage 

CALL INPUT 
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Ident i f icat ion 

INT A Fortran subroutine. 

Purpose 

The routine was  designed to  make it easier t o  exchange the pre- 

sent integration package, RWDE6F , fo r  another one. It has four dis-  

t i n c t  entr ies :  

1. In i t i a l i za t ion  

2. Normal backward difference entry 

3. Runge-Kutta entry 

4. Change integration interval  

U s a g e  

The en t r ies  are  achieved by using a 0, 1, 2, o r  3 i n  the 

cal l ing sequence. The subroutine RWDE6F should be read f o r  a more 

detai led explanation of the linkage. 



Identification 

KEPLER Solution of the two body problem. 

Purpose 

To solve the NASAtwo body equations for a time, t, greater than 

or less than the time of rectification. 

Method 

1. Compute the increment in mean anomaly, AM = n(t-tr) 

If ,for the elliptic case, =. 2n , reduce 8 4  by 2n and 

increase t by 2n/n. r 

Reduce e to numerically less than n and adjust @4 in the same way. 

For either the elliptic or the hyperbolic case, compute the functions 

fl, f2' fy f4, F and F' ( see description of FCOMP subroutine). 

2. The equation 
F - A M  

'K+1' 'K F' 
is iterated until 

eK+l - ' < 4.E-07 if k+l > l.E-04 

k4 
or until 

if e .e LE-04 
K+1 

< LE-08 k+1- 4( 
3 .  Compute f ...,  again; compute f, g, ft, gt and finally 1' 

RTB and RMlB by use of equations (11) and (12). 
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Ident i f icat ion 

MATINV Share dis t r ibut ion AN-FkO2, a 704 FORTRAN program. 

Purpose 

Solution 03 the inverse of  a non-singular matstx. 

Method 

Gauss-Jordan elimination method i s  used t o  invert  the matrix. 

Usage - 
CALL MATINV (A,N,B,M, DETERM) 

A: Matrix t o  be inverted 
N: Order of the tnatrix A 
B: 

M: 

Not defined for  inverse solution but storage must be 
allocated. 
A zero denotes t h a t  MATINV is  t o  be used only f o r  the 
inversion of the matrix A. 

DETERM : determinent of the matrix A. 

The inverse appears i n  A a f t e r  return t o  calling program. 
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I dent i f i c a t  i on 

MDVECT a Fortran subroutine. 

Pupose 

This subroutine computes the 4th, 5th, and 6 th  terms of a 

two or three dimensional vector. 

3 4th t e r m :  I v 1 
5th term: I V 1 
6 th  term: 1 V 1 2 

Usage 

CALL MDVECT( V , I , J  

V : the vector of i n t e re s t  

I : the second subscript 

J : the th i rd  subscript 

XII-24 



Iden ti f i cation 

Fortran subroutine 

Purpose 

A variable order matrix multiplication routine specif ical ly  designed 

f o r  the minimum variance matrix calculation. The variable order i s  included 

so  t h a t  the  observation data may be processed one a t  a t i m e  o r  a l l  

together. The subscript N i n  the  description below is  the quantity t h a t  

may vary. It refers  t o  the number o f  pieces of d d a  t h a t  you wish t o  

process through the minimum variance f i l t e r .  

Usage 

and ;2 %x6 ' '6x6' '&5 NxN Enter with 

6xN Exit  with Q& P6+x6 and L 

Subroutine computes 

"6 = %A '6x6 



+ 
'6x6 = '-6~6 -L6xN "x6 '-6x6 

+ * 
'lx6 = '6x6 '6x6 '6x6 
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Identi  f i cation 

OBLATE a Fortran subroutine 

Purpose 

To compute the perturbations contributed by the non-spherical shape of 

the earth.  

Method 

See equations (6) and (7) .  

The ear th  oblateness potential  may be writ ten as 

2 

2 r  r3 
r r 

r4 

where the equatorial  radius of the earth is the uni t  of length and where the 

coefficients JzOy J30y 540 a re  assigned the folluwing numerical values (given 

by equations (8) and (13) of reference 7) :  

J ~ o  1082.3 x 

J30 = -2.3 x 

540 = 1.8 X 



The perturbation accelerations due t o  the earth 's  oblateness are given by 

equations (6) and (7)  of th i s  document. 

variance program, the functions b and c of equation (7) appear as 

As actual ly  programmed i n  the minimum 

where 

CONJ = 3u,J20 = 2,,,J* of equation 7 

CONA = -,,,J30 = p J 3  of equation 7 

CONK = -8 5 PJ4.0 = 5pJ4 of equation 7 

Note that the correspomling input quantit ies t o  the program a re  
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Ident i f icat ion 

OBSER a Fortran subroutine 

Purpose 

This routine computes the observables for  a par t icular  s t a t ion  and 

the  residuals which consist of the differences between the cmputed values 

of the observables and the observation data. It a l so  computes the partial. 

derivatives of the observables with respect t o  the s t a t e  variables. It i s  

capable of th i s  for  azimuth, elevation, range, range rate,  right ascension 

and declination i n  any combination. 

data generating (reference) mode it w i l l  generate a binary tape containing 

the  observations, the time of the observation, the type of observations made 

and the s t a t ion  from which the observations were made. 

be used as a simulation of r ea l  data f o r  the orb i t  determination mode of the 

program. 

another tape that contains the observations, the residuaIs and the data 

type s o  t h a t  a summary of t h i s  information may be made a t  the completion of 

the case. 

I f  the program is operating i n  the 

This tape may then 

If the program i s  operating in the determination mode it w i l l  generate 

Usage 

CALG OWE3 (K, NTYF'E) 

K : The s t a t ion  number that  was assigned the s ta t ion  i n  the input. 

N m  : A specification of the combination of data types. This is  

explained i n  subroutine FIX. 

Method 

See equations ( 3 3 )  through (47). 
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Identification 

OSCUL Fortran Subroutine 

Purpose 

The purpose of this routine is to compute the classical osculating 

Keplerian elements. 

RC: position vecltor, doubly subscripted 

RDC: velocity vector, doubly subscripted 

HMU: gravitational constant 

J: refers to the second subscript on RD, RDC which defines the 
particular variation trajectory of interest 

MUD: error return 

SCALED: output of lengths will be scaled by this quality. 
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E a u t  ions 

The osculating elelnents are obtained from the following equations: 

n = p , t a  -312 

r 
s I - -  

e cosh E a 

e s in  E '1 d - - -  
G I  e sinh E 

- es in  E 
e sinh E - E M = { "  

A 
The angles n, w, i are obtained from the vectors H and P, where 

0 

H = R x R  
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I n  terms of these vectors: 

z H 
cos i =: - h i i n  the f i rs t  o r  fourth quadrant 

X 
H 

s i n  Q = h s i n  i 

-H 
cos Q = 2 h s i n  i 

cos w r= P, cos Q + P s in  Q 
Y 

Z 
P 

s i n  w = - s in  i 
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Identification 

PART Fortran Subroutine 

Purpose 

This subroutine computes the parameter transition matrix, Q, 

at any time. It must be called at rectification. If the rectification 

is due to a minimum variance correction, it sets O =  I. See discussion 

following equation ( 21) . 

Usage 

CALL PART 

The parameter transition matrix, n, is given by equation ( 3 0 ) .  



Identification 

FEINT a FORTRAN subroutine 

Purpose 

This subroutine controls the output concerning the t ra jec tory  of the 

It w i l l  output RVc and RVc i n  E.R. and E.R. /hr o r  KM and KM/hr vehicle. 

depending upon the input option KLM. 

is  determined by PRNTDT, a p r in t  frequency t h a t  i s  a function of the in-  

put parameters PRNTNE and PRNTFE. This routine a l s o  controls the output 

cf the classical  astronomical elements. The frequency of this output i s  

explained in  the Output section. 

The t i m e  a t  which output i s  given 

Usme 

CALL PRINT 



Ident i f icat ion 

RAPS a FORTRP;N subroutine 

Purpose 

A d m y  subroutine that i s  intended t o  compute the pertur- 
bation accelerations due t o  s o l a r  radiation pressure. 

U s a g e  

CALL RAPS 

XII-35 



Iden t i f i c a t  ion 

RCTTST A Fortran subroutine. 

Purpose 

The two-body o r b i t  i s  r ec t i f i ed  whenever the perturbations 

exceed specified m a x i m u m  values. The following three tests are made: 

I R C l  

TB 

Usage 

CALL RCTTST 

The value KOMP, which i s  i n  COMMON, w i l l  contain an integer 

which corresponds t o  the t e s t  t ha t  was f a i l ed  upon return t o  cal l ing 

program. Otherwise KOMP = 0 . 
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Ident i f icat ion 

REcofiD a Fortran subroutine 

Purpose 

The reading of the observation data tape is performed by this routine. 

It is read so  that there are  always two records i n  core a t  any one time. 

A record consists of a time, observation data  and the associated s ta t ion  and 

the observation data type. If there is more than one record at  the same time 

due t o  simultaneous observations from different  s ta t ions,  the routine w i l l  

read ahead t o  see how many records have the same time. 

main program with t h i s  count in C W O N .  

w i l l  be applied as defined i n  subroutine AMlRN i f  the option has been taken. 

'Be observations and the associated ? matrix a re  packed in  this  routine t o  

f a c i l i t a t e  processing through the minimum variance f i l t e r .  

It w i l l  return t o  the 

After an observation is  read noise 

% w e  

CAILRECORD (NTYPE) 

NTYPE : A specification 

This is  exglain 

of the combination of data types. 

d i n  subroutine FIX. 



Identification 

RFCT a FORTRAN subroutine 

Purpose 

This subroutine computes the parameters pertinent t o  a 

rect i f icat ion.  

where the subscript r re fers  t o  the value of Rc and Rc a t  Rr r 
the time of rect i f icat ion.  It also computes various combinations 

The three basic terms that are  computed are  a, n and 
0 

R 

of these values t h a t  are  defined i n  the Glossary of Fortran Names. 

Usage 

CALL RECT 
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Ident i f icat ion 

REDUCE Fortran function 

Reduces an angle t o  less than TI 

U s a g e  

ANGIJI = REDUCE (ANGLE) 



Identification 

RPERG a FORTRAN f’unction 

Purpose 

Computes the magnitude of the perigee vector. 

Usage 

ANS = RPERG (J,HMU) 

J: Refers t o  the par t icular  variation o r b i t  of in te res t .  

HMU: The gravi ta t ional  constant associated with the par t icular  
reference body from which the perigee distance i s  being 
computed . 

Equation 

Perigee distance = a(1-e) 
a: Semi-major axis 
e: eccentricity 



Ident i f icat ion 

RWDEGF Share Distribution No. 775.A 704 SAP program that 

w a s  Fortranized by Leon Lefton of AMA. 

Purpose 

To solve a set of N simultaneous second order d i f fe ren t ia l  

equations. 

Method 

A fourth-order Runge-Kutta method i s  used t o  start the integration 

and t o  change the step-size during integration. A Cowell "second-sum" 

method based on s ix tddi f fe rences  i s  used t o  continue t h e  integration. 
order 

Double precision i s  used in te rna l ly  t o  control round-off errors.  

Truncation e r ror  can be controlled by choosing an appropriate step- 

s ize ,  o r  by using the variable step-size mode of operation. The values 

of the variables and derivatives a re  consistent a t  a l l  t i m e s .  --- 

U s a g e  

1) For in i t i a l i za t ion  

CALL DEIN (NEQ, DERIV, IORD, K, EPS, HMIN, HMAX, YMIN, DFT, 

ACC 1 

NEQ : Number of d i f fe ren t ia l  equations 

D E R N :  Name of derivative routine 

IORD: Order of backward difference scheme 

K : Ratio of Cowell step s i ze  t o  Runge-Kutta step s i z e  

EPS : Convergence cr i ter ion 

HMIN : Minimum s t ep  s i ze  
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HMAX : Maximum step s i ze  

Y" : Minimum function value allowed 

DPT : Least s ignif icant  par t  of t i m e  

ACC : Routine places +value  when i n  Runge-Kutta and - value 
when i n  Cowell. 

2) Normal entry 

CALL, DEREG 

3) Change integration in te rva l  

C A L L  DECHA (Nt) 

4) Runge-Kutta integration with specified A t ,  CALL D E W  

The location of NE& i s  considered as the address t h a t  begins the 

block of information concerning RWDaF. Following NE& there is 
time 
A t  

The share write up should be read fo r  a detailed description of RWD%F. 
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Identification 

SMATRX Fortran subroutine 

Purpose 

This subroutine computes the point transformation matrix 

S or its inverse. 

Usage 

CALL SMATRX 

A +1 in the list w i l l  generate S 

A -1 in the list w i l l  generate S 

The S matrix and its inverse are given in equations (23 )  

and (25 ) .  

-1 
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Identification 

SUMARY a Fortran subroutine 

Purpose 

This routine summarizes the residuals in observations and/or the 

state variables. The residuals in the observations are output next to the 

observations themselves. The time, in hours, min., and seconds, from epoch 

is also given. The residuals in the state variables may also be obtained if 

a tape of the reference orbit ephemeris from which the observations 

were generated is supplied onL,T-lg.The time, as defined above, is given. 

The component errors, magnitude error and also the relative error is given 

for the position and velocity vectors. 

of the error vector divided by the magnitude of the vector. A l l  results are 

labeled by name and dimension. 

The relative error is the magnitude 

Usage 

CALL SUMAW (I,J,K) 

I : Number of observations to be summarized 

J 

K : Set equal to one (1) to obtain state variable residuals. 

: Set equal to two (2) to obtain observation residuals 

XII-44 



Ident i  f i cat  ion 

VECTOR a Fortran subroutine 

Purpose 

The routine computes the kth,  5th and 6 th  terms of a one 

dimensional vector. 

4th term = I V 1 

5th term = I V I 
6th  term = 1 V 1 

Usage 

CALL VECTOR (V) 

V is  the vector of in te res t .  
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Identification 

WORKMU Fortran subroutine 

Purpose 

The program i s  capable of including t h e  gravi ta t ional  a t t rac t ion  

of  s i x  perturbing bodies. 

1. Earth 

2. sun 

3 .  Moon 

4, Venus 

5. Mars 

6. Jupi ter  

I f  any of these bodies are  not desired, (see input section #2, card #3) ,  

t h i s  subroutine will pack the various arrays t h a t  are associated with 

these bodies t o  simplify the logic i n  generating the gravi ta t ional  

perturbations. 

Usage  

CALL WORKMU i s  performed i n  the in i t i a l i za t ion  section of the main 

program. 
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Symbols 

HMU ~1 of reference body 

BMU 

WMBU 

ENAME names of 6 objects 

MBMAX number of working objects 

KWBMU 

table  of 6 mass parameters 

table  of working mass parameters 

table  re la t ing indexing of working objects t o  the original. 6 
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H. Wolf, M. Payne. 
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Interplanetary Trajectory Encke Msthcd, Pr0gt-m m u d ,  Report No. 
X-640-63-71, May 1, lS3, Goddard Space l?Eght,Ce&er, Greedelt ,  Maryland. 
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Insti tution, Astrophysical Observatory, Special Report, No. 25, 
April 20, 19'jge 
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1956. AFcRC"W-56-204, k t i a  Doc. llCe33. 

A Review of Geodetic Parameters, W. MI h u h , :  NASA Report' X-640-63-55, 
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